Introduction
Let K be an algebraically closed field of characteristic zero, X a K-variety, and X(K) the set of closed points in X. A constructible set S ⊆ X(K) is a finite union of subsets Y (K) for K-subvarieties Y in X. A constructible function f : X(K) → Z has f (X(K)) finite and f −1 (c) constructible for all c ∈ f (X(K)). We write CF(X) for the abelian group of constructible functions on X.
Let φ : X → Y be a morphism of K-varieties. When K = C, MacPherson [21, Prop. 1] defined a pushforward homomorphism CF(φ) : CF(X) → CF(Y ) with CF(φ)δ W (y) = χ φ −1 (y)∩W for all subvarieties W in X and y ∈ Y (C), where χ is the topological Euler characteristic defined using compactly-supported cohomology, and δ W the characteristic function of W (C) in X(C).
If ψ : Y → Z is another morphism of C-varieties, MacPherson showed that CF(ψ • φ) = CF(ψ) • CF(φ), so that CF is a functor from the category of Cvarieties to the category of abelian groups. All this was extended to other fields K of characteristic zero by Kennedy [17] . Implicitly, Kennedy's work includes a notion of Euler characteristic for K-varieties. This paper will generalize these results to K-schemes (assumed locally of finite type) and algebraic K-stacks in the sense of Artin (assumed locally of finite type, with affine geometric stabilizer groups). We also introduce a notion of pseudomorphism Φ of K-varieties, K-schemes or K-stacks, generalizing morphisms. Pushforwards CF(Φ) exist, and pseudomorphisms seem to be very natural for constructible functions problems.
The motivation for this is my series of papers [10, 11, 12, 13, 14, 15, 16] . For a projective K-scheme P these will define moduli stacks M(I, , κ) of coherent sheaves with extra data on P . Given a stability condition θ on coh(P ), the θ-stable points in M(I, , κ)(K) are a constructible set. Let I st (I, , κ, θ) be its Euler characteristic. This defines a system of invariants of P, θ, satisfying some universal identities proved using pushforwards along 1-morphisms of stacks.
To carry out this programme requires a theory of constructible sets and functions in algebraic K-stacks, and compatible notions of Euler characteristic and pushforward. As I could not find these tools in the literature, I develop them here. It seemed better to write a stand-alone paper that others could use, rather than include the material in the series [10, 11, 12, 13, 14, 15, 16] .
Section 2 gives some background on varieties, schemes and stacks over K. To make the paper readable for those with little knowledge of stacks, the important definitions and explanation are included here. In §3 we recall definitions and results on constructible functions, Euler characteristics and the pushforward. Most of the material in §3 is already known, but to save time later we give definitions and some results for schemes, though our references generally work only with varieties. Section 4 defines pseudomorphisms Φ : S → T between locally constructible subsets S ⊆ X(K), T ⊆ Y (K) in K-schemes X, Y , and the pushforward CF(Φ) : CF(S) → CF(T ) of constructible functions. On the way we define Euler characteristics of constructible sets in K-schemes, and pushforwards CF(φ) for morphisms φ : X → Y of K-schemes.
To define CF(Φ), the main idea is to write S, T locally as disjoint unions S = i∈I X i (K), T = j∈J Y i (K) for K-subvarieties X i in X and Y i in Y , such that Φ agrees with (φ i ) * : X i (K) → Y ji (K) on X i (K) for φ i : X i → Y ji a morphism of K-varieties. The functorial properties of pushforwards CF(Φ) then follow from those for morphisms of K-varieties.
Sections 5 and 6 extend these ideas to stacks. The principal difference between stacks and schemes is that in an algebraic K-stack F points x ∈ F(K) have stabilizer groups Iso K (x), which are algebraic K-groups, and are trivial if F is a K-scheme. It turns out that there are many different ways of including stabilizer groups when extending Euler characteristics χ and pushforwards CF to stacks.
We highlight three interesting cases, the naïve pushforward CF na which ignores stabilizer groups, the stack pushforward CF stk which is probably most natural in many stack problems, and the orbifold pushforward CF orb , related to Deligne-Mumford stacks and their crepant resolutions. Each is associated with a notion of Euler characteristic χ na , χ stk , χ orb of constructible sets in K-stacks. As χ stk , CF stk involve weighting by functions 1/χ(Iso K (x)), the straightforward definitions fail when χ(Iso K (x)) = 0. However, for representable 1-morphisms φ : F → G of algebraic K-stacks we give a more subtle definition of CF stk (φ) : CF(F) → CF(G) in §6.1, which is always well-defined, and is sufficient for the applications in [12, 13, 14, 15, 16] . All K-schemes and K-stacks in this paper are assumed to be locally of finite type.
Schemes and varieties
We assume a good knowledge of varieties and schemes, following Hartshorne [9] . In particular, for K an algebraically closed field, we shall use the notions of K-scheme, K-subscheme, and morphisms of schemes, without comment. We fix an algebraically closed field K throughout.
• A K-scheme X is locally of finite type if it can be covered by affine Kschemes U i = Spec A i , where A i is a finitely-generated algebra over K. It is of finite type if it can be covered by finitely many such U i .
• A K-scheme X with structure sheaf O X is reduced if for all open U ⊆ X the ring O X (U ) has no nilpotent elements. Every scheme X has an associated reduced scheme X red , with the same underlying topological space.
• A K-variety is a reduced, irreducible, separated K-scheme of finite type. A K-variety is quasiprojective if it is isomorphic to a subscheme of projective space KP n . A subvariety of a K-variety or K-scheme is a K-subscheme which is a K-variety.
From now on we make the convention that all K-schemes in this paper are locally of finite type. Definition 2.1. For a K-scheme X, write X(K) for the set Hom(Spec K, X) of morphisms of K-schemes Spec K → X. Then X(K) is naturally identified with the subset of closed points of the underlying topological space of X. Note that X(K) = X red (K), as X, X red have the same underlying topological space. Elements of X(K) are also called geometric points or K-points of X.
There is a natural identification (X × Y )(K) ∼ = X(K) × Y (K). If φ : X → Y is a morphism of K-schemes, composition Spec K → X We prove a criterion for when a morphism of K-varieties is an isomorphism. Proof. We use ideas taken from Borel [2] . As φ * is surjective φ(X) is dense in Y , and X is irreducible, so φ is dominant. Since φ * is bijective the dimension of the fibres of φ is 0, so as Y is normal [2, Cor., p. 44 Here is a useful result of Rosenlicht [25] , on the existence of quotients of varieties by algebraic groups.
Theorem 2.5. Let K be an algebraically closed field, X a K-variety, G an algebraic K-group, and ρ : G × X → X an algebraic action of G on X. Then there exists a dense, Zariski open subset X ′ of X, a K-variety Y , and a surjective morphism π : X ′ → Y inducing a bijection between G-orbits in X ′ and K-points in Y , such that any G-invariant rational function on X ′ defined at x ∈ X ′ is the pull-back of a rational function on Y defined at π(x).
We shall use this as part of an approach to algebraic quotients which is very different to the Geometric Invariant Theory (GIT) of Mumford et al. [23] . Briefly, the GIT approach to quotients is to suppose that G is reductive, and that a linearization L of the action of G on X is given. Then one can form the Zariski open subset of stable points X st in X, and define a quotient variety X st /G. From our point of view, the principal disadvantage of this is that X st need not be Zariski dense, and may be empty. In contrast, Theorem 2.5 does not require that G be reductive, and always produces a dense open subset X ′ with a well-defined quotient X ′ /G. Note however that X ′ is not uniquely defined, nor need the quotient morphism π be affine (that is, for U ⊆ Y an affine subvariety, π −1 (U ) may not be an affine subvariety of X ′ ), which is a usual assumption in GIT.
Algebraic stacks
We now make a few remarks about algebraic stacks (also known as Artin stacks, and written champs algébriques in French). Algebraic stacks were introduced by Artin, generalizing the earlier notion of Deligne-Mumford stack. For a good introduction to algebraic stacks see Gómez [7] , and for a thorough treatment see Laumon and Moret-Bailly [20] . Varieties and schemes are two kinds of 'space' in algebraic geometry. Two other classes of 'space' are also used, namely algebraic spaces, introduced by Artin and studied in Knutson [18] , and algebraic stacks. The inclusions between these classes are given by varieties ⊂ schemes ⊂ algebraic spaces ⊂ algebraic stacks.
Algebraic spaces and stacks were introduced to study moduli problems in which the 'moduli space' is too badly behaved to be represented by a variety or scheme. Roughly speaking, algebraic spaces are appropriate for problems in which the automorphism groups of objects are trivial, and stacks are used to cope with nontrivial automorphism groups.
We write our definitions in the language of 2-categories. For an introduction see Gomez [7, App. B] . A 2-category has objects X, Y , 1-morphisms f, g : X → Y between objects, and 2-morphisms α : f → g between 1-morphisms. An example to keep in mind is a 2-category of categories, where objects are categories, 1-morphisms are functors between the categories, and 2-morphisms are isomorphisms (natural transformations) between functors.
Even the definition of stacks is notoriously difficult for the novice. Following Gómez [7, §2.1- §2.2] there are two main ways of defining stacks. We give the first definition [7, Def. 2.10] , as it will be used in [11, 12, 13, 14, 15, 16] , with most terms left unexplained. Definition 2.6. A groupoid is a category all of whose morphisms are isomorphisms. Let (groupoids) be the 2-category whose objects are groupoids, 1-morphisms are functors between groupoids, and 2-morphisms are natural transformations between these functors. Let K be an algebraically closed field, and Sch K the category of K-schemes. We make Sch K into a 2-category by taking 1-morphisms to be morphisms, and the only 2-morphisms to be identities id f for each 1-morphism f . We need a Grothendieck topology on Sch K , as in [7, App. A], and we choose theétale topology. Then Sch K with its Grothendieck topology is called a site.
A K-stack is a contravariant 2-functor F : Sch K → (groupoids) which is a sheaf on Sch K , with its Grothendieck topology. As in [7, §2.2] K-stacks form a 2-category, with two different notions of morphism, 1-morphism and 2-morphism. A 1-morphism φ : F → G is a natural transformation between the 2-functors F, G. If φ, ψ : F → G are 1-morphisms, a 2-morphism α : φ → ψ is an isomorphism of the natural transformations.
For each K-scheme U we can define an associated K-stack, which is the 2-functor U : Sch K → (groupoids) with U(V ) the category with objects morphisms f : V → U in Sch K , and the only morphisms identities id f , for V ∈ Sch K . Usually we identify a K-scheme U with its associated K-stack U.
An algebraic K-stack , or Artin K-stack, is a K-stack F such that (i) The diagonal ∆ F is representable, quasicompact and separated.
(ii) There exists a K-scheme U and a smooth surjective 1-morphism u : U → F. We call U, u an atlas for F.
The K-stack U associated to a K-scheme U is an algebraic K-stack. One can also identify algebraic K-spaces as examples of algebraic K-stacks.
One important difference in working with 2-categories rather than ordinary categories is that in commutative diagrams one only requires 1-morphisms to be 2-isomorphic rather than equal. We write φ ∼ = ψ to mean that two 1-morphisms φ, ψ : F → G are 2-isomorphic. Cartesian squares are an important kind of commutative diagram.
there exists a 1-morphism α : D → E, unique up to 2-isomorphism, such that
Here the first square in (1) means that E, F, G, H are K-stacks, η, θ, φ, ψ are 1-morphisms, and ψ • η is 2-isomorphic to φ • θ, that is, ψ • η ∼ = φ • θ. Any other commutative square with the same bottom right corner must factor via E, uniquely up to 2-isomorphism. Let F, G, H be algebraic K-stacks, and φ : F → G, ψ : H → G be 1-morphisms. Then one can define the fibre product F × H G, which is an algebraic K-stack. It has natural projection 1-morphisms π F : F × H G → F,
It follows that in any Cartesian square (1), E is 1-isomorphic to F × H G. By the product F × G of K-stacks F, G we mean their fibre product F × Spec K G over Spec K, using the given 1-morphisms F, G → Spec K.
We define the set of K-points of a stack, generalizing Definition 2.1.
Definition 2.8. Let F be a stack over Sch K . Regarding Spec K as a stack over Sch K , we can form Hom(Spec K, F). But since stacks form a 2-category, Hom(Spec K, F) is not just a set, but a category, and in fact a groupoid, that is, a category all of whose morphisms are isomorphisms. Define F(K) to be the set of isomorphism classes of objects in the groupoid Hom(Spec K, F). Elements of
If F is the stack associated to a scheme U then the groupoid Hom(Spec K, F) is just the set of morphisms Hom(Spec K, U ) in Sch K , with all morphisms identities. Hence F(K) is naturally identified with Hom(Spec K, U ), and thus with U (K) in Definition 2.1.
If φ : F → G is a 1-morphism of stacks over Sch K then composition with φ yields a morphism of groupoids Hom(Spec K, F) → Hom(Spec K, G), and therefore induces a map of sets φ * :
For a 1-morphism x : Spec K → F, the geometric stabilizer group Iso K (x) is the group of 2-morphisms x → x. When K is an algebraic K-stack, Iso K (x) is an algebraic K-group. We say that F has affine geometric stabilizers if Iso K (x) is an affine algebraic K-group for all 1-morphisms x : Spec K → F. Most interesting algebraic K-stacks automatically have affine geometric stabilizers.
As an algebraic K-group up to isomorphism, Iso K (x) depends only on the isomorphism class of x in Hom(Spec K, F), and hence on the K-point [x] ∈ F(K). So we may write Iso K ([x]) instead of Iso K (x), and regard it as the geometric stabilizer group of the
For the very simple-minded purposes of this paper, readers not comfortable with stacks can think of an algebraic K-stack F as being a set of points F(K), the underlying geometric space, together with some complex extra data F, defining a structure a bit like a variety or scheme on F(K).
Here are some facts we shall use often. References can be found in [20] .
• If u : U → F is an atlas for an algebraic K-stack F then u * :
is surjective, as u is surjective.
• If F is an algebraic K-stack and u : U → F, v : V → F are 1-morphisms from K-schemes U, V , then we can form the fibred product U × F V as a stack unique up to 1-isomorphism. Moreover, as ∆ F is representable,
That is, there exists an algebraic K-space W 1-isomorphic to U × F V , and morphisms a : W → U and b :
• A 1-morphism φ :
If φ is representable then φ * : Iso K (x) → Iso K φ * (x) in Definition 2.8 is an injective morphism of algebraic K-groups, for all x ∈ F(K).
• An algebraic K-stack F is called reduced, or locally of finite type, if for some atlas u : U → F the K-scheme U is reduced, or locally of finite type. It then follows that for all atlases u ′ : U ′ → F, the K-scheme U ′ is reduced, or locally of finite type. Every algebraic K-stack F has an associated reduced algebraic K-stack F red , with a natural inclusion 1-morphism
• We say that F is of finite type if there exists an atlas u : U → F for which the K-scheme U is of finite type.
As for schemes, from now on we make the convention that all algebraic K-stacks in this paper will be locally of finite type.
Here is a definition from Kresch [19, Def. 3.5.3] , slightly modified.
Definition 2.9. Let F be a finite type algebraic K-stack, and F red the associated reduced stack. We say that F can be stratified by global quotient stacks if F red is the disjoint union of finitely many locally closed substacks U i with each U i 1-isomorphic to a stack of the form [X i /G i ], where X i is a quasiprojective Kvariety and G i a smooth, connected, affine algebraic K-group acting linearly on X i . For a stack to be the disjoint union of a family of locally closed substacks is defined in [20, p. 22] . It implies that
Kresch [19, Prop. 3.5.2(ii) ] takes the X i to be schemes, rather than varieties. This is equivalent to our definition, since one can easily refine a stratification into quotients of (reduced) quasiprojective K-schemes to get a stratification into quotients of quasiprojective K-varieties. Kresch [19, [21] and Kennedy [17] for constructible functions and the pushforward.
For later use, §3.1 defines constructible sets and functions on K-schemes X, and also defines locally constructible sets and functions. However, §3.2- §3.4 work mostly with constructible sets and functions on quasiprojective K-varieties, as we shall quote results from [17, 21] stated only for algebraic varieties. Section 3.2 explains the Euler characteristic and pushforwards over the complex numbers C. This is extended to any algebraically closed field K of characteristic zero in §3.3, following Kennedy [17] . Finally, §3.4 discusses two 'generalized Euler characteristics', the Grothendieck ring K 0 (Var K ) of the category of K-varieties, and virtual Hodge polynomials e(X; s, t).
Constructible sets and functions on K-schemes
Here is our definition of constructible and locally constructible sets. Definition 3.1. Let K be an algebraically closed field, and
We call S ⊆ X(K) locally constructible if S ∩ T is constructible for all constructible T ⊆ X(K). Constructible sets are locally constructible. For X of finite type, locally constructible sets are constructible. This is equivalent to a stronger definition, where we take the union T = i∈I X i (K) to be disjoint, and the X i to be quasiprojective varieties. Proposition 3.2. Let X be a K-scheme, and T ⊆ X(K) a constructible subset. Then we may write T = i∈I X i (K), where {X i : i ∈ I} is a finite collection of quasiprojective K-subvarieties X i of X.
Proof. Write T = j∈J Y j (K), where {Y j : j ∈ J} is a finite collection of Ksubschemes of X of finite type. By repeatedly taking intersections and complements of closures of the Y j , we can write T as a disjoint union T = k∈K Z k (K), where {Z k : k ∈ K} is a finite collection of K-subschemes of X of finite type. For each k ∈ K we then use Proposition 2.3 to write
The following properties of constructible sets in K-varieties are well known, [9, p. 94] , [22, p. 51] . Our extension to K-schemes is straightforward. Proof. Write A = i∈I A i (K), B = j∈J B j (K) for finite collections {A i : i ∈ I}, {B j : j ∈ J} of K-subschemes of X of finite type. Then A ∪ B and A ∩ B come from the finite collections {A i , B j : i ∈ I, j ∈ J} and {A i ∩ B j : i ∈ I, j ∈ J} of K-subschemes of X of finite type, and so are constructible.
For A \ B, using the methods of Proposition 3.2 we can first write A ∩ B as a finite disjoint union of C i (K) for quasiprojective K-subvarieties C i , and then extend this to write A as a finite disjoint union of
By our convention in §2.1, Y is locally of finite type. Thus Y can be covered by finite type affine K-subschemes V k . The pull-backs φ * (V k ) cover X. As A i is of finite type it is covered by finitely many φ * (V k ). Thus there exists a finite
Since
is of finite type we may write
Taking the union over all k, l shows that φ * (A) is a finite union of constructible subsets, and so is constructible by the first part.
Note that showing φ * (A) constructible in this proof, and the analogue for stacks in Proposition 5.7, are the only places we use the convention that Kschemes and K-stacks are locally of finite type. This assumption may be unnecessary, but the author does not know how to prove φ * (A) is constructible if Y is not locally of finite type. Now we can define constructible and locally constructible functions.
Definition 3.4. Let K be an algebraically closed field, X be a K-scheme, and S ⊆ X(K) be locally constructible. A constructible function on S is a function f : S → Z such that f (S) is finite and f −1 (c) is a constructible set in S ⊆ X(K) for each c ∈ f (S) \ {0}. Note that we do not require f −1 (0) to be constructible. Write CF(S) for the set of constructible functions on S. If S = X(K) we generally write CF(X) rather than CF(X(K)).
Using Proposition 3.3 we see that CF(S) is closed under addition and multiplication of functions. The function 1 : S → Z lies in CF(S) if and only if S is constructible. Hence CF(S) is a commutative ring, with identity if S is constructible, and without identity otherwise. But we usually prefer to regard CF(S) as an abelian group. This is because the pushforward CF(φ) by morphisms
A locally constructible function on S is a function f : S → Z such that f | T is constructible for all constructible subsets T ⊆ S ⊆ X(K). Equivalently, f is locally constructible if f −1 (c) is a locally constructible set for all c ∈ Z, and f (T ) is finite for all constructible T ⊆ S.
Write LCF(S) for the set of locally constructible functions on S. If S = X(K) we usually write LCF(X) rather than LCF(X(K)). Then LCF(S) is a commutative ring with identity. Also CF(S) ⊆ LCF(S), and CF(S) = LCF(S) for S constructible. Using Proposition 3.3 one can show that if f ∈ CF(S) and g ∈ LCF(S) then f g ∈ CF(S). Hence CF(S) is an ideal in LCF(S).
Here are some remarks on this material:
• If X is of finite type in Proposition 3.3 then X(K) is constructible, so the complement X(K) \ A of a constructible A ⊆ X(K) is constructible.
• To define constructible functions f : X(K) → Z on K-schemes X which are not of finite type, or f : S → Z for S not constructible, we must allow f −1 (0) to be non-constructible. If we did not there would be no constructible functions on X or S, not even 0.
For X not of finite type we can think of X(K) as being 'large', or 'unbounded'. Constructible functions f : X(K) → Z are nonzero only on small, bounded subsets of X(K), and f −1 (0) is the remaining, large, unbounded part of X(K).
• In §5 we will also consider Q-valued constructible functions f : S → Q, and write CF Q (S) = CF(S) ⊗ Z Q for the set of Q-valued constructible functions on S. But until then we work with integer-valued functions.
Euler characteristics and pushforward for C-varieties
We begin by defining χ(X) for quasiprojective C-varieties X.
Definition 3.5. Let X be a quasiprojective variety over C. Then X(C) is a Hausdorff, locally compact topological space with the analytic topology, which is induced from the manifold topology on CP m by the inclusion X(C) ⊆ CP m . Write χ(X) for the (topological ) Euler characteristic of X(C), computed using compactly-supported cohomology.
The following properties of χ are well known. (ii) Suppose a quasiprojective C-variety X is the set-theoretic disjoint union of subvarieties
morphism of quasiprojective C-varieties which is a locally trivial fibration in the analytic topology with fibre
Now we can define pushforwards on quasiprojective C-varieties.
Definition 3.7. Let X be a quasiprojective C-variety and T ⊆ X(C) a constructible subset. Then by Proposition 3.2 we may write T = i∈I X i (C), for {X i : i ∈ I} a finite collection of quasiprojective subvarieties of X. Define χ(T ) = i∈I χ(X i ). We will show in Definition 3.10 that this is well-defined.
Let CF(X) be the abelian group of constructible functions on X. For f ∈ CF(X), define the weighted Euler characteristic χ(X, f ) by
This is well-defined as f (X(C)) is finite and
Now let φ : X → Y be a morphism of quasiprojective C-varieties, and f ∈ CF(X). Define the pushforward CF(φ)f :
Here φ * :
is the inverse image of {y} under φ * , and δ φ −1 * (y) is its characteristic function. It is a constructible function, so f · δ φ −1 * (y) ∈ CF(X), and (5) is well-defined. MacPherson [21, Prop. 1] proves an important property of the pushforward.
Hence CF is a functor from the category of quasiprojective C-varieties to the category of abelian groups.
Viro [27] gives an interesting point of view on constructible functions. One can regard the Euler characteristic as a measure, defined on constructible sets. Then χ(P, f ) in (4) is the integral of f with respect to this measure, and the pushforward CF(φ)f integrates f over the fibres of φ.
Kennedy's extension to other fields K
As Definition 3.5 involves the analytic topology, rather than the Zariski topology, §3.2 is special to varieties over C. However, Kennedy [17] , using work of Gonzalez-Sprinberg [8] and Sabbah [26] , found an equivalent, purely algebraic definition of the pushforward CF(φ) of Definition 3.7 for C-varieties. Kennedy's definition works for varieties over any field K of characteristic zero, and implicitly includes a definition of χ for such K. We shall also suppose K is algebraically closed, but Kennedy does not need this.
Kennedy's definition is complicated, so we shall not give it in full. Summarizing [17, §1- §3], and restricting to projective varieties, the rough idea is this. Let K be a field of characteristic zero, X a projective K-variety embedded in KP m , and W ⊆ X a closed subvariety. Then one defines the conormal space C(W ), which is a closed m-dimensional conical Lagrangian cycle in T * KP m , essentially the closure of the annihilator of T W in T * KP m | W . Let LX be the free abelian group of cycles in T * KP m generated by such C(W ).
Next, to each closed subvariety W of X one defines an Euler obstruction function µ W : X(K) → Z following Gonzalez-Sprinberg [8] , which is a constructible function supported on W (K) ⊆ X(K). This is 1 at each nonsingular K-point in W , which form a dense open set of W (K) in the Zariski topology. Then CF(X) is equal to the free abelian group generated by functions µ W for closed subvarieties W in X. We define an isomorphism LX ∼ = CF(X) by identifying C(W ) in LX with (−1) dim W µ W for each closed subvariety W in X. Now let φ : X → Y be a morphism of projective K-varieties. Write Y as a subvariety of KP n and X as a subvariety of KP m ×KP n , with φ the restriction to
Intersecting an element of LX with T * KP n and projecting to KP n gives an element of LY . This defines a group homomorphism LX → LY .
Kennedy defines the pushforward map CF(φ) : CF(X) → CF(Y ) to be identified with this homomorphism under the isomorphisms LX ∼ = CF(X), LY ∼ = CF(Y ) above. He shows this CF(φ) is independent of choices of m, n and embed-
• CF(φ) as in Theorem 3.8, and that when K = C it agrees with CF(φ) in Definition 3.7 for X, Y projective C-varieties.
Implicit in these results is a definition of Euler characteristic for quasiprojective K-varieties. Let X be a quasiprojective K-variety,X its closure in KP m , and π :X → {0} the projection morphism. Then CF(π) maps CF(X) → CF({0}) = Z. We define χ(X) = CF(π)δ X . This is independent of the embedding of X in KP m , and has the following properties.
Theorem 3.9. Let K be an algebraically closed field of characteristic zero. Then every quasiprojective K-variety X has an Euler characteristic χ(X) ∈ Z, with the following properties:
(ii) Let X be a nonsingular projective K-variety in KP m , and
Hence by intersection theory, C(X) and KP m have a well-defined integer intersection number
Furthermore χ is uniquely determined by properties (ii) and (iii). When K = C, this χ agrees with that defined in §3.2 using the analytic topology.
Proof. Kennedy's results explained above define χ(X) for all quasiprojective X. In (ii) the Euler obstruction µ X coincides with the characteristic function δ X of X(K), as X is nonsingular. Thus (ii) follows immediately from the definition, and (iii), (iv) from properties of constructible functions.
, giving (i). If X is any quasiprojective K-variety, by taking closures in KP m and using (iii), resolution of singularities and induction on dimension, we can easily express χ(X) as a finite difference of χ(X i ) for X i nonsingular projective K-varieties. As χ(X i ) is determined by (ii), we see that χ is uniquely determined by (ii) and (iii). Finally, when K = C Kennedy shows that his definition of CF(φ) coincides with that of Definition 3.7 for C-varieties. It follows immediately that the two definitions of χ agree on C-varieties.
We extend this χ to constructible sets in a K-scheme X, and define the weighted Euler characteristic for constructible functions. We used this extension already in Definition 3.7, for X a quasiprojective C-variety. Definition 3.10. Fix an algebraically closed field K of characteristic zero. Let X be a K-scheme and T ⊆ X(K) a constructible subset. Then by Proposition 3.2 we may write T = i∈I X i (K), for {X i : i ∈ I} a finite collection of quasiprojective K-subvarieties of X. Define the Euler characteristic of T to be χ(T ) = i∈I χ(X i ), where χ(X i ) is defined in Theorem 3.9 for quasiprojective K-varieties.
To show this is well-defined, suppose {Y j : j ∈ J} is another finite set of subvarieties of X, with T = j∈J Y j (K). For i ∈ I, j ∈ J the intersection X i ∩ Y j is a finite type subscheme of X, but not necessarily a subvariety as it may not be irreducible. So by Proposition 2.3 X i ∩ Y j is the set-theoretic disjoint union of a finite set {Z k : k ∈ K ij } of quasiprojective subvarieties of X.
Then X i is the set-theoretic disjoint union of Z k over j ∈ J and k ∈ K ij , and Y j is the set-theoretic disjoint union of Z k over i ∈ I and k ∈ K ij . So by Theorem 3.9(iii) we see that
, generalizing Proposition 3.6(ii) and Theorem 3.9(iii). Now let S ⊆ X(K) be a locally constructible subset. For f ∈ CF(S), define the weighted Euler characteristic χ(S, f ) by
This is well-defined as f (S) is finite and f −1 (c) ⊆ S ⊆ X(K) is constructible for each c ∈ f (S) \ {0}, so χ(f −1 (c)) exists as above.
Note that this extended notion of Euler characteristic is no longer the topological Euler characteristic of the cohomology of S, in the usual sense. When K = C the analytic topology on X(C) can still be defined for X a C-scheme. But if X is not separated then X(C) will not be Hausdorff, and a constructible subset S ⊆ X(C) may not be locally compact. Because of this, the well-definedness or good behaviour of most cohomology theories will break down in the generality of Definition 3.10.
We can now define pushforwards along morphisms of K-varieties.
Definition 3.11. Let K be an algebraically closed field of characteristic zero, let φ : X → Y be a morphism of quasiprojective K-varieties, and f ∈ CF(X). As in (5), define the pushforward CF(φ)f :
using the weighted Euler characteristic of Definition 3.10.
Kennedy [17, §1- §3] now gives the analogue of Theorem 3.8.
Hence CF is a functor from the category of quasiprojective K-varieties to the category of abelian groups.
Generalized Euler characteristics
We now study two objects which can be thought of as 
By taking closures, complements and intersections of the U i and using the equation
Proposition 3.14. Let K be an algebraically closed field. Suppose a quasiprojective K-variety X is the set-theoretic disjoint union of subvarieties
Our second generalization is the virtual Hodge polynomial, defined over C. These were introduced by Danilov and Khovanskii [5, §1] , and are also discussed by Cheah [3, §0.1].
Definition 3.15. Let X be a quasiprojective C-variety of dimension m, and H k cs (X, C) the compactly-supported cohomology of X. Deligne defined a mixed Hodge structure on H k cs (X, C). Let h p,q H k cs (X, C) be the corresponding HodgeDeligne numbers. Define the virtual Hodge polynomial e(X; s, t) of X to be e(X; s, t) = m p,q=0
Then e(X; 1, 1) = χ(X). (ii) Suppose a quasiprojective C-variety X is the set-theoretic disjoint union of subvarieties
Observe that Proposition 3.14 and the relation
, and Proposition 3.16(ii), (iii) for e(X; s, t), are analogues of the properties of χ in Proposition 3.6(ii), (iii) and Theorem 3.9(iii), (iv). Therefore the class [X] in K 0 (Var K ) and the virtual Hodge polynomial e(X; s, t) both behave quite like χ(X), and can be regarded as generalized Euler characteristics.
In fact, 
It is a natural question whether one can use [X] or e(X; s, t) to replace χ in the definition of the pushforward CF(φ) : CF(X) → CF(Y ), and still get a functor. The answer to this appears to be no. To see this, note that Proposition 3.6(iv) is essential in proving Theorem 3.8.
For let φ : X → Y be a morphism of C-varieties which is a locally trivial fibration in the analytic topology with fibre F , and π : Y → {0} be the projection. Then 1 ∈ CF(X), with CF(π • φ)1 = χ(X), and CF(π)
However, the analogue of this fails for virtual Hodge polynomials. For example, let Y be a complex elliptic curve and and φ : X → Y a double cover. Then φ is a locally trivial fibration in the analytic topology with fibre F , a 2 point space. So e(X; s, t) = e(Y ; s, t) = (1 − s)(1 − t), e(F ; s, t) = 2, and e(Y ; s, t) ≡ e(F ; s, t)e(X; s, t), falsifying the analogue of Proposition 3.6(iv).
Thus functoriality of CF would fail for pushforwards defined using e(X; s, t), and so also using [X] over C by Proposition 3.17. One moral is that the Euler characteristic over K of §3.3 satisfies an analogue of Proposition 3.6(iv), which is essential to Theorem 3.12.
We now show how to extend classes in K 0 (Var K ) and virtual Hodge polynomials to general constructible sets and functions. Definition 3.18. Fix an algebraically closed field K of characteristic zero. Let X be a K-scheme and T ⊆ X(K) a constructible subset. Then by Proposition 3.2 we may write T = i∈I X i (K), for {X i : i ∈ I} a finite collection of quasiprojective K-subvarieties of X. Define the class of T in K 0 (Var K ) to be [T ] = i∈I [X i ]. When K = C, define the virtual Hodge polynomial of T to be e(T ; s, t) = i∈I e(X i ; s, t). The argument of Definition 3.10 shows that these are well-defined, using Propositions 3.14 and 3.16(ii) in place of Theorem 3.9(iii). Now let S ⊆ X(K) be a locally constructible subset. For f ∈ CF(S), define the weighted class 
Pseudomorphisms and extension to schemes
We now introduce a concept of morphism Φ : S → T between locally constructible sets we shall call pseudomorphisms. Basically, a pseudomorphism is a map Φ : S → T whose graph Γ Φ is constructible over constructible subsets C ⊆ S. If φ : S → T is a morphism of K-schemes then φ * : X(K) → Y (K) is a pseudomorphism, so this generalizes the notion of morphism of K-schemes.
We shall show that pseudomorphisms work well with constructible functions, in that Theorems 3.8 and 3.12 extend to pseudomorphisms Φ : S → T between locally constructible sets. A corollary of this is the extension of these results from K-varieties to K-schemes with the usual morphisms. Pseudomorphisms will be a useful tool for the extension to stacks in §5.
Pseudomorphisms
Here is our definition of pseudomorphism. Definition 4.1. Let K be an algebraically closed field and X, Y be K-schemes. Then X ×Y is also a K-scheme with (X ×Y )(K) = X(K)×Y (K). Let S ⊆ X(K), T ⊆ Y (K) be locally constructible subsets, in the sense of Definition 3.1.
Let Φ : S → T be a map, and define the graph
A pseudomorphism Φ is a pseudoisomorphism if Φ is bijective and Φ −1 : T → S is a pseudomorphism. When S = X(K) and T = Y (K) we shall also call Φ a pseudomorphism (pseudoisomorphism) from X to Y , written Φ : X → Y . If S is constructible, it is easy to see that a pseudomorphism Φ : S → T is a pseudoisomorphism if and only if it is bijective.
Here are some basic properties of pseudomorphisms.
Proposition 4.2. Let K be an algebraically closed field.
cally constructible, and Φ :
Proof. Let φ, X, Y be as in (a), and C ⊆ X(K) be constructible. Then id ×φ : 
Since (Γ Φ ∩(C ×Y (K))) and C ×{t} are constructible in (X ×Y )(K) the set [· · · ] above is constructible, and thus C ∩ Φ −1 (t) is constructible by Proposition 3.3. Let X, Y, Z, S, T, U, Φ, Ψ be as in (c), and C ⊆ X(K) be constructible. Set D = Φ(C) and E = Ψ(D). Then D, E are constructible by (b). Define
Then it is easy to see that
As C is constructible and Φ a pseudomorphism (7) is constructible, and thus V is constructible by Proposition 3.3. Therefore (Π XY Z XZ ) * (V ) is constructible by Proposition 3.3. But this is
This implies that locally constructible sets and pseudomorphisms form a category. Also, K-schemes and pseudomorphisms form a category, enlarging the usual notion of morphisms on K-schemes.
• Define an abstract (locally) constructible set to be a set S together with a pseudoisomorphism class of inclusions S ֒→ X(K) as a (locally) constructible set for X a K-scheme. There are then well-defined notions of (locally) constructible subsets in S, of pseudomorphisms Φ : S → T between two abstract locally constructible sets, of constructible functions CF(S), and following §4.2 of pushforward CF(Φ) : CF(S) → CF(T ), with the obvious properties.
• Let X be a K-scheme, S ⊆ X(K) be constructible, and {X i : i ∈ I} be as in Proposition 3.2. Define Y to be the abstract disjoint union i∈I X i . Then Y is a finite type K-scheme, and S is pseudoisomorphic to Y (K).
Thus every constructible set is pseudoisomorphic to a finite type K-scheme, and in dealing with constructible subsets S up to pseudoisomorphism, we can often dispense with the ambient K-scheme X.
For K of characteristic zero, a pseudomorphism between constructible sets can be broken into finitely morphisms between K-varieties. This shows that pseudomorphisms are not far from being morphisms. 
where {X i : i ∈ I jk } is a finite collection of quasiprojective K-subvarieties in X. As every K-variety contains a dense open normal subvariety, by subdividing the X i we can suppose that each X i is normal.
For j ∈ J, k ∈ K j and i ∈ I jk , define Z ijk to be the reduced subscheme associated to the subscheme
As X i is irreducible, we see Z ijk is irreducible, and so it is a K-variety. Proposition 2.4 now shows that Π ) * : Γ Φ → T is a bijection. By refining the finite collections of X i , Y j and Z ijk using the methods above we can arrange that Y j is normal, and K j and I jk are one-point sets, so that we may identify I and J.
is an isomorphism, and thus φ i is an isomorphism.
For pseudomorphisms between locally constructible sets one can prove a similar result, but with I, J infinite.
Pushforwards along pseudomorphisms
We now define and study the pushforward CF(Φ) : CF(S) → CF(T ) along a pseudomorphism Φ : S → T of locally constructible sets, generalizing pushforwards along morphisms of K-varieties in §3.2- §3.3. 
Here δ Φ −1 (t) is the characteristic function of Φ −1 (t) ⊆ S on S. As Φ −1 (t) is locally constructible by Proposition 4.2(b) we have δ Φ −1 (t) ∈ LCF(S), and f ∈ CF(S), so f · δ Φ −1 (t) ∈ CF(S). Thus (8) is well-defined, by Definition 3.10.
If φ : X → Y is a morphism of K-schemes then φ * :
is a pseudomorphism by Proposition 4.2(a). We usually write CF(φ) : CF(X) → CF(Y ) rather than CF(φ * ) : CF(X(K)) → CF(Y (K)).
We generalize Theorems 3.8 and 3.12 to pseudomorphisms. 
Clearly CF(Φ)f is supported in B, and for each j ∈ J ′ we have
, and thus
It easily follows that CF(Φ)f ∈ CF(T ), proving the first part.
Now let Z, U, Ψ be as in the second part, and set C = Ψ(B). Then C is constructible by Proposition 4.2(b). Applying Theorem 4.3 to the pseudomorphism Ψ| B : B → C gives finite collections {Y
Applying Theorem 4.3 again to the pseudomorphism Φ| A : A → B, from the proof we can choose the decomposition of B to be B = j∈J Y j (K) as above. This gives a finite collection {X i : i ∈ I} of quasiprojective K-subvarieties X i of X with A = i∈I X i (K) and morphisms φ i : X i → Y ji for i ∈ I with Φ| Xi(K) = (φ i ) * . For i ∈ I, j = j i ∈ J and k = k j ∈ K, applying Theorem 3.12 to the morphisms of K-varieties φ i : X i → Y j and ψ j :
Now as in (9), we easily see that for j ∈ J and k ∈ K we have
Combining (10)- (13) we find that for each k ∈ K,
As this holds for all k ∈ K and CF(Ψ 
The moral of this is that pseudoisomorphic constructible sets are essentially the same from the point of view of constructible functions. So in problems involving constructible functions, we can work with constructible sets up to pseudoisomorphism, and pseudomorphisms between them. We shall use this point of view in dealing with stacks in §5, and we find it is easier than working with schemes or stacks and their morphisms.
Constructible functions on stacks
We now generalize the material of §3- §4 to stacks. Sections 5.1 and 5.2 develop the basic definitions and properties of constructible sets and functions, and show that any finite type algebraic K-stack F with affine geometric stabilizers is pseudoisomorphic to a finite type K-scheme. Therefore, for K-stacks with affine geometric stabilizers, we can reduce questions on pseudomorphisms between K-stacks to pseudomorphisms between K-schemes, and apply the results of §4.
The principal difference between stacks and schemes is that in an algebraic K-stack F points x ∈ F(K) have stabilizer groups Iso K (x), which are trivial if F is a K-scheme. It turns out that there are many different ways of including stabilizer groups Iso K (x) when extending Euler characteristics χ and pushforwards CF to stacks. Section 5.3 studies the simplest of these, the naïve versions χ na , CF na , which just ignore stabilizer groups, effectively replacing F by its associated coarse K-space.
Then given an allowable weight function w upon affine algebraic K-groups, in §5.4 and §5.5 we modify χ na and CF na to get χ w and CF w by weighting by functions w F : x → w(Iso K (x)) on F(K). We give special names to two interesting cases: the stack versions χ stk , CF stk which are probably most natural in many stack problems, and the orbifold versions χ orb , CF orb , related to Deligne-Mumford stacks and their crepant resolutions. We continue to use the convention of §2 that all schemes and stacks are locally of finite type.
Basic definitions
We begin by giving analogues for stacks of the major definitions of §3- §4.
Definition 5.1. Let K be an algebraically closed field, and F an algebraic Kstack. We call T ⊆ F(K) constructible if T = i∈I F i (K), where {F i : i ∈ I} is a finite collection of finite type algebraic K-substacks F i of F. We call S ⊆ F(K) locally constructible if S ∩ T is constructible for all constructible T ⊆ F(K).
Here is a partial analogue of Proposition 3.3, proved in the same way. Definition 5.3. Let K be an algebraically closed field, F an algebraic K-stack, and S ⊆ F(K) be locally constructible. A constructible function on S is a function f : S → Q such that f (S) is finite and f −1 (c) is a constructible set in S ⊆ F(K) for each c ∈ f (S) \ {0}. A locally constructible function on S is a function f : S → Q such that f | T is constructible for all constructible subsets T ⊆ S ⊆ F(K).
Write CF(S) for the set of Z-valued constructible functions and LCF(S) for the set of Z-valued locally constructible functions on S. They are closed under addition and multiplication of functions by Lemma 5.2, and if f ∈ CF(S) and g ∈ LCF(S) then f g ∈ CF(
S). Thus LCF(S) is a commutative ring with identity, and CF(S) an ideal in LCF(S). For S constructible, CF(S) = LCF(S).
Write CF Q (S) = CF(S) ⊗ Z Q, LCF Q (S) = LCF(S) ⊗ Z Q for the sets of Qvalued (locally) constructible functions on S. Then LCF Q (S) is a commutative Q-algebra with identity, and CF Q (S) an ideal in LCF Q (S). If S = F(K) we generally write CF(F) rather than CF(F(K)), and so on.
Definition 5.4. Let K be an algebraically closed field, F, G be algebraic Kstacks, and S ⊆ F(K), T ⊆ G(K) be locally constructible. Then F × G is an algebraic K-stack with (F × G)(K) = F(K) × G(K). Let Φ : S → T be a map, and define the graph Γ Φ = (s, Φ(s)) :
Note that all these definitions agree with those of §3- §4 in the case that F, G are K-schemes or K-varieties.
Constructible sets and pseudomorphisms in stacks
We now extend properties of constructible sets and pseudomorphisms in Kschemes to algebraic K-stacks with affine geometric stabilizers. Now X i \ X ′ i may not be irreducible, so we write it as a disjoint union of finitely many G i -invariant, irreducible subschemes X ij , which are K-varieties, with dim X ij < dim X i . Applying Theorem 2.5 as above gives a dense
As the dimension decreases at each stage, continuing this process by induction we eventually construct finitely many reduced locally closed substacks F 1 , . . . , F n of F with F(K) = n a=1 F a (K), such that F a is 1-isomorphic to the quotient stack X a /G a for X a a K-variety and G a an algebraic K-group, and morphisms π a : X a → Y a for Y a a quasiprojective K-variety, inducing a bijection between G a -orbits in X a and K-points in Y a .
Combining the 1-isomorphism F a ∼ = X a /G a and the morphism π a : X a → Y a gives a 1-morphism of stacks φ a :
We use this to show that constructible sets can be both pulled back and pushed forward along a 1-morphism π : W → F from a scheme to a stack. Proposition 5.6. Let K be an algebraically closed field, W a finite type Kscheme, F a finite type algebraic K-stack with affine geometric stabilizers, and
Proof. For any 1-morphism π : W → F of stacks, it is easy to see that π −1 * pulls back locally constructible sets in F(K) to locally constructible sets in W (K). As W is of finite type, locally constructible sets in W (K) are constructible, so π −1 * (S) is constructible. Now let T ⊆ W (K) be constructible, and n, F a , Y a , φ a be as in Proposition 5.5. Set W a = π −1 (F a ) and
for all a, and thus π * (T ) = n a=1 (π a ) * (T a ) is constructible. We extend the last part of Proposition 3.3 to stacks.
Proposition 5.7. Let K be an algebraically closed field, F, G be algebraic Kstacks with affine geometric stabilizers, φ : F → G be a 1-morphism, and S ⊆ F(K) be constructible. Then φ * (S) is constructible in G(K).
Proof. By Definition 5.1 we have S = i∈I F i (K), where {F i : i ∈ I} is a finite collection of finite type substacks F i of F. So φ * (S) = i∈I φ * (F i (K)), and by Lemma 5.2 it suffices to show φ * (F i (K)) is constructible for all i ∈ I.
By our convention in §2.2 that all stacks in this paper are assumed locally of finite type, G admits an open cover {G j : j ∈ J} of finite type substacks G j in G. Thus φ −1 (G j ) : j ∈ J is an open cover of F i . As F i is of finite type, it is quasicompact. So there exists a finite subset
Then F ij is a finite type substack, and φ| F ij : F ij → G j is a 1-morphism.
For i ∈ I and j ∈ J i , let u ij : U ij → F ij and v j : V j → G j be atlases, with U ij , V j finite type K-schemes. Then φ • u ij : U ij → G j and v j : V j → G j are 1-morphisms from K-schemes to G j , so we can form the fibred product 
As W ijk is of finite type W ijk (K) is constructible, so applying Proposition 5.6 to the 1-morphism
and J i is finite, Lemma 5.2 shows that φ * (F i (K)) is constructible. As this holds for all i ∈ I, the proof is complete. Lemma 5.2 and Proposition 5.7 extend Proposition 3.3 to algebraic K-stacks with affine geometric stabilizers. As the proof of Proposition 4.2 depended only on Proposition 3.3, it extends to such stacks.
Proposition 5.8. Let K be an algebraically closed field, and F, G, H be algebraic K-stacks with affine geometric stabilizers.
be locally constructible, and Φ :
The next proposition allows results about constructible sets and functions on schemes to be easily extended to stacks.
Proposition 5.9. Let K be an algebraically closed field, F an algebraic K-stack with affine geometric stabilizers, and T ⊆ F(K) be constructible. Then T is pseudoisomorphic to Y (K) for a finite type K-scheme Y , which may be written as a finite abstract disjoint union of quasiprojective K-varieties.
Proof. As in the first part of the proof of Proposition 3.2, we can write T as a disjoint union T = i∈I F i (K), for F i a finite type substack in F. Applying Proposition 5.5 to F i for each i ∈ I gives substacks F ia in F i , quasiprojective K-varieties Y ia and 1-morphisms φ ia :
Define Y to be the abstract disjoint union of the Y ia for i ∈ I and a = 1, . . . , n i , in the sense of Definition 2.2. Then Y is a finite type K-scheme, with
Then Φ is bijective, as each (φ ia ) * is. Proposition 5.8(a) shows that each (φ ia ) * is a pseudomorphism, so Φ is a pseudomorphism. As Φ is bijective and T, Y (K) are constructible, Φ is actually a pseudoisomorphism. This completes the proof.
The naïve Euler characteristic and pushforward
We now consider the simplest generalization of Euler characteristics and pushforwards to stacks, which we call naïve as it takes no account of the geometric stabilizer groups Iso K (x) for x ∈ F(K) and F an algebraic K-stack. Effectively this is equivalent to working with the coarse K-space associated to F, as in [20, Rem. 3.19] . Here is the naïve analogue of Definitions 3.10 and 4.4.
Definition 5.10. Fix an algebraically closed field K of characteristic zero. Let F be an algebraic K-stack with affine geometric stabilizers, and T ⊆ F(K) a constructible subset. Then T is pseudoisomorphic to Y (K) for a finite type K-scheme Y by Proposition 5.9. Define the naïve Euler characteristic
as pseudoisomorphism of constructible sets in K-schemes preserves χ. Thus χ na (T ) is well-defined. Now let S ⊆ F(K) be a locally constructible subset. For f ∈ CF(S), define the naïve weighted Euler characteristic χ na (S, f ) by
This is well-defined as f (S) is finite and f −1 (c) ⊆ S ⊆ F(K) is constructible for each c ∈ f (S) \ {0}, so χ na (f −1 (c)) exists as above. Suppose F, G are algebraic K-stacks with affine geometric stabilizers, S ⊆ F(K), T ⊆ G(K) are locally constructible, Φ : S → T is a pseudomorphism, and f ∈ CF(S). Define the naïve pushforward
is the characteristic function of Φ −1 (t) ⊆ S on S. As Φ −1 (t) is locally constructible by Proposition 5.8(b) we have δ Φ −1 (t) ∈ LCF(S), and f ∈ CF(S), so f · δ Φ −1 (t) ∈ CF(S). Thus (16) is well-defined.
Following Definition 3.18, we can generalize the definitions of χ na (T ) and
and f ∈ CF(S). When K = C we can also define naïve (weighted) virtual Hodge polynomials e(T ; s, t)
na and e(S, f ; s, t) na . Here is the naïve generalization of Theorem 4.5 to stacks. If
Hence CF na is a functor from the category of locally constructible subsets in algebraic K-stacks with affine geometric stabilizers, to the category of abelian groups.
Proof. In the situation above, let f ∈ CF(S) and define A = supp(f ) ⊆ S, B = Φ(A) ⊆ T and C = Ψ(B) ⊆ U . Then A is constructible by Definition 5.3, so B, C are constructible by Proposition 5.8(b). By Proposition 5.9 there exist finite type K-schemes X, Y, Z and pseudoisomorphisms α :
Since α, β, γ are pseudoisomorphisms they identify constructible sets and functions with constructible sets and functions, so
, using the pushforward for constructible subsets of K-schemes. Hence
As α, β identify the naïve Euler characteristic χ na on subsets of K-stacks with the Euler characteristic χ on subsets of K-schemes, we see that CF(β (17) in CF(Z(K)). But setting g = CF na (Φ)f , as above we have
Composing (17) with γ and using (18)- (20) shows that
As both sides are supported in C this gives CF
Including stabilizers Iso K (x) in Euler characteristics
The distinctive difference between K-stacks and K-schemes (or algebraic Kspaces) is that for an algebraic K-stack F each x ∈ F(K) has a stabilizer group Iso K (x), which is {1} if F is a K-scheme. We now discuss how to modify the naïve (weighted) Euler characteristic χ na of §5.3 to include stabilizer groups. We do this in a simple way, by inserting a weight w F depending on Iso K (x). For reasons explained later we take w F to map F(K) → Q ∪ {∞}, so that Euler characteristics may not be defined on S ⊆ F(K) including points with w F = ∞. Definition 5.12. Fix an algebraically closed field K of characteristic zero. A weight function is a map
which does not take both values 0 and ∞, with w(
Let F be an algebraic K-stack with affine geometric stabilizers. Then for each x ∈ F(K), the stabilizer group Iso K (x) is an affine algebraic K-group. Define w F : F(K) → Q ∪ {∞} by w F (x) = w(Iso K (x)). We call w an allowable weight function if it satisfies the conditions (i) If G, H are affine algebraic K-groups then w(G × H) = w(G)w(H).
(ii) For all algebraic K-stacks F with affine geometric stabilizers, w F is a locally constructible function with values in Q ∪ {∞}.
Suppose w is allowable. Let F be an algebraic K-stack with affine geometric stabilizers and T ⊆ F(K) be constructible. If w F = ∞ on T , define the w-Euler characteristic χ w (T ) = χ na (T, w F | T ), using the naïve weighted Euler characteristic of Definition 5.10. If w F (t) = ∞ for some t ∈ T we say that χ w (T ) is undefined. Now let S ⊆ F(K) be locally constructible. For f ∈ CF(S) with w F = ∞ on supp f , define the weighted w-Euler characteristic χ w (S, f ) by χ w (S, f ) = χ na (S, w F f ) = χ na (supp f, w F f ), using the naïve weighted Euler characteristic of Definition 5.10, and taking w F f = 0 outside supp f even where w F = ∞. If w F (s) = ∞ for some s ∈ supp f we say that χ w (S, f ) is undefined.
It is easy to verify that χ w satisfies the following analogues of Theorem 3.9(iii), (iv). The point of Definition 5.12(i) is to prove (ii) below. 
Here are two examples of allowable weight functions. Proof. Clearly e and o are well-defined and satisfy Definition 5.12(i). We shall verify condition (ii). Let F be an algebraic K-stack with affine geometric stabilizers. To show e F ∈ LCF(F(K)) it is enough to show that e G = e F | G(K) ∈ CF(G(K)) for all finite type K-substacks G in F.
So let G ⊆ F be a finite type substack. Theorem 2.10 shows that G(K) = i∈I U i (K), where {U i : i ∈ I} is a finite collection of locally closed substacks of G, and U i ∼ = [X i /G i ] for X i a quasiprojective K-variety and G i a smooth, connected, affine algebraic K-group, acting on X i by ρ i :
, by Proposition 5.6. But G(K) = i∈I U i (K) and I is finite, so e G ∈ CF(G(K)). This proves (a).
For (b), in the situation above we can form an algebraic K-stack Z i with projection 1-morphisms
, and α i : π
The rest of the proof is as for (a).
Other weight functions constructed from e, o in a multiplicative way are also allowable, such as e k , o k , |e| k , |o| k , sign(e), sign(o) and e k o l for k, l ∈ Z with k l > 0. In particular, defining 1/0 = ∞ the function 1/e : {affine algebraic K-groups G} → Q ∪ {∞}, is an allowable weight function. We give special names to two interesting cases.
Definition 5.15. Fix an algebraically closed field K of characteristic zero. Let F be an algebraic K-stack with affine geometric stabilizers, T ⊆ F(K) be constructible, S ⊆ F(K) be locally constructible, and f ∈ CF(S).
(a) Define the stack (weighted) Euler characteristic by χ stk (T ) = χ 1/e (T ) and χ stk (S, f ) = χ 1/e (S, f ), in the sense of Definition 5.12, where e is the weight function of Proposition 5.14(a), and 1/e is allowable.
Note that χ stk (T ) is undefined if t ∈ T with χ(Iso K (t)) = 0, and χ stk (S, f ) is undefined if s ∈ supp f with χ(Iso K (s)) = 0. As in §3.4 and §5.3, we can generalize the definitions of χ w , χ stk , χ orb (T ) and χ w , χ stk , χ orb (S, f ) above for constructible T ⊆ F(K) and f ∈ CF(S) to define
. When K = C we can also define (weighted) virtual Hodge polynomials e(T ; s, t) w , e(T ; s, t)
stk , e(T ; s, t) orb and e(S, f ; s, t) w , e(S, f ; s, t) stk , e(S, f ; s, t) orb . Here is why we are interested in these. The stack Euler characteristic χ stk and its pushforward CF stk in §5.5 turn out to be the natural notions for the problems in [12, 13, 14, 15, 16] , in which we define invariants by taking Euler characteristics of constructible subsets in moduli stacks. It has the attractive property that if X is a K-variety and G an algebraic K-group acting on X with
. It also has a universal property in Cartesian squares, in §6.2.
The stack Euler characteristic has the disadvantage of being undefined on sets T containing t with χ(Iso K (t)) = 0. In fact χ(G) = 0 for many affine algebraic K-groups G. For K * = K \ {0} has χ(K * ) = 0 by Theorem 3.9(i), (iii), and if H is an algebraic subgroup of G then χ(G) = χ(G/H)χ(H), so any affine algebraic K-group G containing K * also has χ(G) = 0. Note however that for Deligne-Mumford stacks all stabilizer groups are finite, and for G finite χ(G) = |G| > 0, so that χ stk is always defined on DeligneMumford stacks. It is well-established that for enumerative problems on stacks with finite stabilizer group one counts a point x ∈ F(K) with weight 1/| Iso K (x)|, and χ stk generalizes this approach. The orbifold Euler characteristic is the author's attempt to generalize to stacks something already well-understood for orbifolds (which are essentially Deligne-Mumford stacks). Let M be a compact manifold and G a finite group acting on M , so that M/G is an orbifold. Dixon et al. [6, p. 684] observed that the correct Euler characteristic of M/G in string theory is
where M g,h = {x ∈ M : g · x = h · x = x}. Atiyah and Segal [1] later interpreted χ(M, G) as the Euler characteristic of equivariant K-theory K G (M ). For a survey and further references on orbifold Euler characteristics, see Roan [24] . In particular, it is believed and in many cases known that for a complex orbifold M/G, χ(M, G) coincides with the Euler characteristic χ(X) of any crepant resolution of M/G.
Let K be an algebraically closed field of characteristic zero, and M a Kvariety acted on by a finite group G. Then M g,h is a subvariety of M , and (21) makes sense. Now [M/G] is a Deligne-Mumford stack. An easy calculation characteristic χ(M, G) of the complex orbifold M/G when K = C, but our notion χ orb is also defined over other fields K and for more general stacks F. It would be interesting to know whether the property over C of χ(M, G) being the Euler characteristic of any crepant resolution extends using χ orb to other fields, or to more general stacks.
Including stabilizer groups Iso K (x) in pushforwards
Let w be an allowable weight function, as in §5.4. For Ψ : S → T a pseudomorphism between locally constructible subsets S ⊆ F(K), T ⊆ G(K) of stacks F, G, we wish to define a pushforward CF w : CF Q (S) → CF Q (T ) associated to w, with the properties:
(i) Let {0} be the one-point variety, Π : S → {0} the projection, C ⊆ S a constructible subset, and δ C ∈ CF Q (S) the characteristic function of C.
(ii) As in Theorem 4.5, CF w is a functor, so that CF
The most obvious thing to do is to replace χ na by χ w in (16), taking weighted Euler characteristics on the stack F × G. However, a little thought shows this is the wrong answer, as (ii) fails. This is because using χ w on F × G in effect multiplies by w F ·w G , but to satisfy (ii) we need to multiply by w F ·w −1 G . Instead we make the following definition.
Definition 5.16. Fix an algebraically closed field K of characteristic zero, and let w be an allowable weight function, as in §5.4. Let F, G be algebraic K-stacks with affine geometric stabilizers, S ⊆ F(K), T ⊆ F(K) be locally constructible with w F = ∞ on S and w G = 0 on T . Then w F ∈ LCF Q (S) and w −1 G ∈ LCF Q (T ) by Definition 5.12(ii). Let Φ : S → T be a pseudomorphism. Define
This is well-defined as w F f ∈ CF Q (S), so CF na (Φ)(w F f ) ∈ CF Q (T ), and thus CF w (Φ)f ∈ CF Q (T ). Therefore CF w (Φ) : CF Q (S) → CF Q (T ) is a linear map.
If w F (s) = ∞ for some s ∈ S or w G (t) = 0 for some t ∈ T , we say that CF w (Φ) is undefined. 
are locally constructible with w F = ∞ on S, w G = 0, ∞ on T , and
This is an essentially trivial generalization of the material of §5.3. To define the weighted pushforwards CF w (Φ), we simply conjugated CF na (Φ) with multiplication by the weight functions w F , w G . The fact that w F , w G may take the values 0, ∞, which we allowed as the weight functions 1/e, o we are interested in do take these values, has the irritating consequence that CF w (Φ) may often be undefined.
With the definition above, if w F = ∞ in S then CF w (id) is undefined even for the identity pseudomorphism id : S → S, though clearly CF w (id)f should be f . This suggests that we may be able to improve Definition 5.16, and extend the definition of CF w . To do this will involve assigning a sensible, finite value to w F (x)w −1 G (Φ(x)) in cases where w F (x), w G (Φ(x)) are both 0, or both ∞, so that we have to make sense of '0/0' or '∞/∞'. We shall do this in §6 for the stack pushforward CF stk (φ) of a 1-morphism φ.
Representable and finite type 1-morphisms
Finally we study pushforwards CF stk (φ) :
is undefined if there exists x ∈ F(K) with χ(Iso K (x)) = 0. Since χ(G) = 0 for many affine algebraic K-groups G, this is a serious drawback.
Instead, by using the extra data of the homomorphisms φ * : Iso K (x) → Iso K (φ * (x)), which is defined for 1-morphisms but not for pseudomorphisms, in §6.1 we will be able to define CF stk (φ) in many cases when CF stk (φ * ) is undefined, and in particular for all representable 1-morphisms φ : F → G, in which case CF stk (φ) : CF(F) → CF(G) maps between Z-valued functions. Section 6.2 defines the pullback φ * : CF(G) → CF(F) for a finite type 1-morphism φ : F → G, and proves that pullbacks φ * and pushforwards CF stk (ψ)
The functorial behaviour of Theorem 5.11 holds for CF stk (φ). 
Proof. Let x ∈ F(K), and set y = φ * (x) and z = ψ * (y). Write
Then K φ,x is normal in K ψ•φ,x , and the quotient K ψ•φ,x /K φ,x is isomorphic to I φ,x ∩ K ψ,y . So general properties of χ give
The inclusions I φ,x ∩ K ψ,y ⊆ K ψ,y and I ψ•φ,x ⊆ I ψ,y ⊆ G z imply that
By assumption χ(K φ,x ), χ(K ψ,y ) = 0 for x ∈ F(K) and y ∈ G(K), so CF stk (φ) : CF Q (F) → CF Q (G) and CF stk (ψ) : CF Q (G) → CF Q (H) are defined. As χ(K ψ,y ) = 0 equation (26) gives χ(I φ,x ∩ K ψ,y ) = 0, and this, χ(K φ,x ) = 0 and (25) show that χ(K ψ•φ,x ) = 0, which holds for all x ∈ F(K).
But ψ x and γ(I φ,x ∩K ψ,y ) → γ I φ,x induce isomorphisms of homogeneous spaces
Therefore the last two equations give
Combining equations (23) and (25)- (28) yields
This identity is easily seen to be the extra ingredient needed to modify the proof of Theorem 5.11 to prove that CF
Now let φ : F → G be a representable 1-morphism. Let x ∈ F(K) and set y = φ * (x) ∈ G(K). Then φ * : Iso K (x) → Iso K (y) is an injective morphism of algebraic K-groups. Hence Ker φ * = {1}, so χ(Ker φ * ) = 1 = 0 for all x ∈ F(K), and thus CF stk (φ) : CF Q (F) → CF Q (G) is defined. Furthermore, as the denominator in (23) 
is a functor from the category of algebraic K-stacks with affine geometric stabilizers and representable 1-morphisms, to the category of abelian groups.
This will be important in [11, 12, 13, 14, 15, 16] , where we shall study certain families of moduli stacks M(I, , κ) of sheaves with extra data on a projective K-scheme P , and 1-morphisms Q(I, , K, , φ) : M(I, , κ) → M(K, , λ) between them. The stabilizer groups in M(I, , κ) are groups of automorphisms of the sheaf preserving the extra data. Now the Q(I, , K, , φ) are automatically representable, as they involve forgetting part of the extra data, which can only enlarge the stabilizer groups. Using the stack pushforwards CF stk (Q(I, , K, , φ)) we derive many identities between constructible functions on the moduli stacks M(I, , κ). We then use these to define new systems of invariants of the projective K-scheme P , and identities they satisfy.
Pullbacks by finite type 1-morphisms
For finite type φ : F → G we can pull back constructible functions from G to F. Definition 6.5. Let φ : F → G be a 1-morphism of finite type between algebraic K-stacks. Suppose T ⊆ G(K) is constructible. Then T = i∈I G i (K), where {G i : i ∈ I} is a finite collection of finite type algebraic K-substacks G i of G, by Definition 5.1. Let F i = φ * (G i ), an algebraic K-substack of F. Then F i is of finite type, as φ and G i are. Hence φ −1 * (T ) = i∈I φ −1 * (G i (K)) = i∈I F i (K) is constructible in F, by Definition 5.1.
That is, φ * : F(K) → G(K) pulls back constructible sets to constructible sets. It follows easily that if f ∈ CF(G) then f • φ * lies in CF(F). Define the pullback φ * : CF(G) → CF(F) by φ * (f ) = f • φ * . It is a group homomorphism. The more natural notation would be (φ * )
* , but we write φ * as it looks nicer.
It is an interesting question how pullbacks φ * and pushforwards CF stk (ψ) are related. The next theorem shows they commute in Cartesian squares, as in Definition 2.7. It will be an important tool in [12, 13, 14, 15, 16] .
Note that the theorem would not hold if we replaced CF stk (η), CF stk (φ) in (29) by CF na (η), CF na (φ), or pushforwards defined using some other weight function. Thus it is evidence for the claim in §5.4 that the stack pushforward CF stk is the most natural pushforward in stack problems. Proof. Let T ⊆ F(K) be constructible, and δ T ∈ CF(F) be its characteristic function. We shall prove that
Because CF stk (η) • θ * , ψ * • CF stk (φ) are group homomorphisms and such δ T generate CF(F), this implies that CF stk (η) • θ * = ψ * • CF stk (φ), as we want. Define S = θ −1 * (T ). Since θ is of finite type S is constructible, as in Definition 6.5, and θ * (δ T ) = δ S , the characteristic function of S. Let x ∈ G(K), and define y = ψ * (x), S x = S ∩ η 
where m η is defined in (23) . Similarly we have
We shall prove that CF na (θ)(m η · δ Sx ) = m φ · δ Ty in CF(F).
If z ∈ F(K) \ T y then both sides of (33) are zero at z. So let z ∈ T y . Then θ 
Define G x = Iso K (x), G y = Iso K (y) and G z = Iso K (z), as algebraic K-groups. Since ψ * (x) = y and φ * (z) = y we have homomorphisms ψ * : Iso K (x) → Iso K (y) and φ * : Iso K (z) → Iso K (y). Write these as ψ x : G x → G y and φ z : G z → G y . Then φ z is injective, as φ is representable, so χ(Ker φ z ) = 1, and (23) gives m φ (z) = χ G y /φ z (G z ) .
As (29) is a Cartesian square, E is 1-isomorphic to F × H G by Definition 2.7. Using the definition of fibre product we deduce that the subset η −1 * ({x}) ∩ θ −1 * ({z}) in E(K) is naturally isomorphic to G y /G x × G z , where G x × G z acts on G y by (α, γ) : β → ψ x (α)βφ z (γ) −1 . That is, η −1 * ({x}) ∩ θ −1 * ({z}) is isomorphic to ψ x (G x )\G y /φ z (G z ), a biquotient, and its points are identified with double cosets ψ x (G x )βφ z (G z ) for β ∈ G y . The stabilizer groups are given by Iso K ψ x (G x )βφ z (G z ) = (α, γ) ∈ G x × G y : ψ x (α)β = βφ z (γ) , and the group homomorphism η * : Iso K ψ x (G x )βφ z (G z ) → Iso K (x) = G x is given by (α, γ) → α. It is injective as η is representable; this also follows as φ z is injective. Thus (23) yields
Let Π x,y,z : G y /φ z (G z ) → ψ x (G x )\G y /φ z (G z ) be the natural projection. Then the fibre of Π x,y,z over ψ x (G x )βφ z (G z ) is isomorphic to G x /{α ∈ G x : ψ x (α)βφ z (G z ) = βφ z (G z )}. So (36) implies that CF na (Π x,y,z )1 = m η in CF ψ x (G x )\G y /φ z (G z ) . Therefore (30) is true, and the proof is complete.
Note that Theorem 6.6 implies the corresponding result for K-schemes, where we replace CF stk by CF and drop the condition that η, φ be representable, as this is automatic for K-scheme morphisms.
Note also that by [20, Rem. 4.14.1 & Lem. 3.11 & Rem. 4.17 (2) ], in a Cartesian square (29) of algebraic K-stacks, if φ is representable then η is representable, and if ψ is of finite type then θ is of finite type. Thus it is enough to suppose only that φ is representable and ψ of finite type in (29).
Pushforwards of locally constructible functions
Next we observe that if φ : F → G is of finite type then the definitions of CF na (φ * )f, CF stk (φ)f in in (16), (24) make sense for f only locally constructible.
functions CF as a functor from the category of K-varieties to the category of abelian groups, and this is what we have extended. Now homology (say, ordinary singular homology or rational equivalence theory) is also a functor from K-varieties to abelian groups, and MacPherson and Kennedy define a natural transformation from CF to homology which on a nonsingular variety V takes 1 ∈ CF(V ) to the total Chern class c * (V ). In effect this extends Chern classes to singular K-varieties in a functorial way.
It is an interesting problem to carry out the second half of this programme for K-schemes and K-stacks. To do this we would need an appropriate homology theory for K-stacks. A good candidate may be the Chow homology functor A * for finite type algebraic K-stacks defined by Kresch [19] , which has many of the properties one hopes for in a homology theory, including existence of Chern classes of vector bundles. Pushforwards are defined for projective 1-morphisms.
So we ask: starting with a suitable category of stacks (say, finite type algebraic K-stacks with affine geometric stabilizers) and 1-morphisms (say, projective and representable), we have the functors F → CF(F), φ → CF stk (φ) of Theorem 6.4 and A * of [19] . Is there a natural transformation between them extending those of MacPherson and Kennedy for K-varieties? If so, this would extend Chern classes to (singular) algebraic K-stacks in an interesting way.
